Abstract. We prove a pointwise equivalence between a spherical square function composed with the Riesz potential and a Littlewood-Paley function arising from the Bochner-Riesz operators. Also, its application to the theory of Sobolev spaces will be given.
Then μ(f ) = ν(I(f )) is the function of Marcinkiewicz, where
which means that there exist positive constants c 1 , c 2 independent of f such that
In other words, we have ν(
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The Marcinkiewicz function was introduced by J. Marcinkiewicz [5] in 1938 in the setting of periodic functions on the torus T. It can be used to investigate properties of functions such as differentiability and finiteness of norms in function spaces. Zygmund [10] proved a periodic analogue of (1.1), which was conjectured in [5] . The non-periodic version (1.1) was proved by Waterman [8] .
The Marcinkiewicz function is a kind of Littlewood-Paley functions; μ(f ) can be realized as
here χ E denotes the characteristic function of a set E. We observe that
where dσ is a uniform measure on
In this note we assume that n ≥ 2 and consider the square function
for appropriate functions f , where dσ is the Lebesgue surface measure on S n−1 . Then D α (f ) with α = 1 can be regarded as a generalization to higher dimensions of ν(f ). We shall see that D α (f ) also can be used to characterize Sobolev norms. This will be accomplished through a relation between D α (f ) and another square function arising from the Bochner-Riesz operators. Let
be the Bochner-Riesz mean of order β on R n , where
with J ν denoting the Bessel function of the first kind of order ν andf is the Fourier transform defined aŝ
